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Abstract Katabatic flows over alpine mountainous terrain differ from their forested or bare slope
counterparts due to the presence of well-ventilated, short vegetation. The impact of a grass canopy and
larger-scale pressure perturbations on the one-dimensional mean momentum balance is explored via
theory and field measurements. The model presented here reproduces the measured velocity jet shape and
turbulent flux gradients. These two features imply that even when Monin-Obuhkov similarity theory breaks
down, its use for a stability adjusted mixing length remains effective to first order. Results reveal that outer
layer pressure effects can be significant under low-speed wind conditions at the top of the thin katabatic
layer when larger variations in the wind direction are observed. An analytical expression to estimate the jet
height, which can be utilized in large-scale weather prediction models, shows the importance of including
canopy effects for the thin katabatic flow region above the vegetation.

1. Introduction

Katabatic winds in mountainous terrain are drawing increased attention given their role in transporting
heat [Monti et al., 2002], water vapor, pollutants [Pardyjak et al., 2009], and CO2 (especially, if vegetated or
near urban environments) [Sun et al., 2007] and in the formation of frost [Laughlin and Kalma, 1987], fog
[Duynkerke, 1999], and cold pools [Whiteman et al., 2001] within basins and valleys. Typically, katabatic
winds form over sloping terrain during nights characterized by clear-sky conditions and weak synoptic forc-
ing. Radiative cooling at the surface generates stable stratification and negative buoyancy thereby causing
cooler air to sink down the inclined surface [Whiteman, 2000]. Nocturnal drainage flow within and above
tall (forest) canopies on slopes has received significant attention [e.g., Chen and Yi, 2012; Luo et al., 2009;
Luo and Li, 2009], especially in the context of ecosystem carbon balance closure [e.g., Burns et al., 2011;
Turnipseed et al., 2003]. Additionally, slopes with forested canopies have been shown to produce compli-
cated mean flow structures, having jet peaks above or below the canopy top [Burns et al., 2011; Yi et al.,
2005; Froelich et al., 2005; Froelich and Schmid, 2006]). However, the effects of short vegetation over steep
slopes have been largely ignored or lumped into a roughness length that is typically an order of magni-
tude smaller than the canopy height itself. It has been known for some time that katabatic flows over steep
slopes pose unique challenges to their inclusion within large-scale numerical models. First, models of the
stable atmospheric boundary layer often “break down” due to a range of physical phenomena that are not
commonly included in turbulence modeling, from the formation of a low-level jet to larger-scale motions
that propagate to the surface [Mahrt et al., 2001; Mahrt, 1998]. In addition, numerical models of the sta-
ble boundary layer are prone to producing nonphysical phenomena such as “run-away” surface cooling
and spurious laminarization [Jiménez and Cuxart, 2005; Mahrt, 1998]. Second, numerical models generally
implement similarity-based scaling parameterizations, usually adopting Monin-Obukhov similarity theory
to link the surface to the flow. These parameterizations, developed for flat terrain [e.g., Pahlow et al., 2001;
Brustaert, 1982] with a constant flux surface layer, are known to break down in the presence of katabatic
flows [Nadeau et al., 2012]. Third, steep, alpine mountainous slope flows typically result in near-surface jets
with a peak jet velocity close to the ground surface, thereby compounding the common problems of ver-
tical grid resolution and the explicit coupling between the land surface and the flow aloft in a coarse grid
[Renfrew, 2004].
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Figure 1. (a) Alpine slope experiment site showing the flux tower. (b) Schematic of slope-aligned coordinate system
including sketches of a theoretical katabatic jet and virtual temperature profile (see text for label descriptions).

Existing layer models of katabatic wind vary in complexity and structural description, from bulk parameteri-
zations [e.g., Mahrt, 1982; Manins and Sawford, 1979] to those that describe mean (velocity and temperature)
[e.g., Garrett, 1983; Yamada, 1983] and turbulent flux (momentum and heat) profiles [e.g., Rao and Snodgrass,
1981; Yi et al., 2005]. However, only a handful of models have been compared with measurements over
steep slopes (>15◦). Furthermore, since few measurements have been made of the detailed turbulent
structure within the katabatic layer, especially over steep terrain [Nadeau et al., 2013], models are rarely
compared with turbulent flux measurements [Yi et al., 2005]. These comparisons are necessary because even
if the katabatic layer is shallow (as over steep slopes), mass, momentum, and heat exchanges between the
atmosphere and canopy-ground system occur within this layer [Mahrt et al., 2001].

Here a one-dimensional mean momentum balance formulation is developed that is forced with measured
air temperature profiles. This model is used in conjunction with multilevel measurements over a steep,
grassy, alpine slope to interpret the mean momentum balance and characterize the katabatic jet. A key
feature of this model is that it explicitly includes the role of short vegetation (as previously considered by
Garrett [1983], Luo et al. [2009], and Luo and Li[ 2009], for a forested canopy), and it is shown that even for
short canopies, the role of canopy height remains significant. In addition, the model includes a simplified
pressure parameterization that accounts for weak larger-scale (synoptic, mesoscale, and/or valley scale)
pressure perturbations originating from the outer layer and penetrating to the surface. This type of pres-
sure penetration has been studied in flows over hills [Belcher and Wood, 1996; Raupach and Finnigan, 1997]
and can also account for some of the variation of topographic curvature over extensive slopes [Haiden and
Whiteman, 2005]. Using measurements from nine different intensive observation nights, the significance of
including such outer pressure parameterization on the form and structure of the katabatic flow is explored.

2. Field Experiment

During the summer of 2011 in Val Ferret [Simoni et al., 2011], a narrow alpine valley in Switzerland, instru-
ments were deployed to investigate thermally driven steep slope flows as a follow-up experiment [see
Nadeau et al., 2013]. The local downslope angle, determined from a 10 m2 area of a 1 m resolution digital
elevation map, is 35.5◦. Vegetation along the slope was ∼30 cm tall alpine flowers and grasses. Measure-
ments were sampled at 20 Hz from five triaxial sonic anemometers (CSAT3, Campbell Scientific) that were
mounted with a slope-normal tilt from vertical (to reduce tilt correction angles and verified with an incli-
nometer) on a 10 m tower at slope-normal heights of 0.45, 1.27, 2.15, 3.79, and 6.32 m (see Figure 1a).
Velocity tilt corrections were made with the planar fit method applied to each of six 40◦ wind sectors
[Wilczak et al., 2001; Foken, 2008] (see supporting information for details regarding the sensor tilt correc-
tions). Additionally, a thermocouple array measuring 1 min mean air temperatures was mounted at the
tower site. These measurements were converted to virtual potential temperatures, 𝜃, and used to drive
the thermal forcing in the model described herein (see supporting information for more details about the
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temperature measurements). Figure 1b introduces the slope-aligned coordinate system and provides a
schematic for the shallow katabatic jet and the near-surface temperature profile that drives the flow. The
schematic includes characteristic heights such as the canopy height, hc, the jet layer height, hj , and the jet
peak height, zp, and the virtual temperature deficit, Δ𝜃. Measurements from nine clear-sky nights in
September of 2011 when downslope flow was observed were used in conjunction with the model. Note that
the flow exhibits no consistent jet shape in the U(z) profile during the nights of 24, 29, and 30 September,
indicating a significant larger-scale disturbance preventing a katabatic jet formation. Table S4 in the
supporting information summarizes characteristic quantities for the experiments. A cospectral analysis
(not included herein) shows that due to sensor path length and sampling frequency limitations, the mea-
sured turbulent fluxes at the lowest measurement location are attenuated and their magnitudes are
underestimated. This underestimation should not be overlooked in data-model comparisons.

3. Theory
3.1. Definitions and Governing Equations
For a constant slope with no curvature and ignoring Coriolis effects near the ground surface, the mean
longitudinal and surface-normal momentum balance equations for a katabatic flow on a slope uniformly
covered with vegetation (adapted from Haiden and Whiteman [2005] to include the canopy drag) are
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where t is time, x, y, and z are aligned directions so that x is the streamwise direction; y is the spanwise direc-
tion, and z is orthogonal to the ground; U, V , and W are the mean velocity components along x, y, and z,
respectively; 𝛼 is the slope angle; Hs and Lx are characteristic height and length of the slope, respectively,
(tan(𝛼) = Hs∕Lx ); P is the mean pressure perturbation; g is the gravitational acceleration; 𝜌o and 𝜃o are the
background density and air temperature above the katabatic flow region (hereafter, quantities subscripted
with o indicate averaged variables outside the katabatic jet); Δ𝜃 is the virtual temperature deficit (differ-
ence from the background state) within the katabatic flow region; u′ and w′ are turbulent excursions from
the mean state; an overbar represents time averaging; Cd is the drag coefficient of the foliage defining the
canopy; and a(z) is the leaf area density of the vegetation assumed to be uniformly covering the slope and
is represented here as LAI∕hc, where LAI is the leaf area index and hc is the mean vegetation height. The
terms 𝜕u′u′∕𝜕x, 𝜕u′v′∕𝜕y, and 𝜕w′w′∕𝜕z are ignored relative to other terms in the respective mean momen-
tum balance equations given that the turbulence is generally weak under such conditions. Note, however,
that the 𝜕w′w′∕𝜕z term may play a role not considered here. The model coordinate system is aligned so
that V = 0 and W = 0 (for consistency with the field experiment, see supporting information for further
justification); lateral homogeneity is also assumed locally along with stationarity so that
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and
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Upon integrating the momentum balance for W along the z direction from the ground, z = 0, up to the layer
encompassing the katabatic flow region, z = hj ,
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= −
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0
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𝜌o
. (5)

Here the term P(0, x) is an integration constant that reflects possible surface pressure variations along the x
direction originating from a number of factors such as larger-scale disturbances. The hj is commonly delin-
eated by the height at which Δ𝜃(z) = 0, and this delineation is employed here. Substituting this estimate of
P(x) into equation (3) yields:

0 =
g
𝜃o

⎛⎜⎜⎝sin(𝛼)Δ𝜃(z) + cos(𝛼)
𝜕 ∫ hj

0 Δ𝜃(z)dz

𝜕x

⎞⎟⎟⎠ − 𝜕u′w′

𝜕z
− Cda(z)|U|U − 1

𝜌o

𝜕P(0, x)
𝜕x

. (6)
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The interpretation of the terms are as follows: the first is the hydrostatic pressure driving the katabatic
flow downslope, the second is known as the thermal wind arising from the W mean momentum balance,
the third is the Reynolds stress gradient, the fourth is the canopy drag force, finite only for z < hc, and
the last term reflects pressure undulations originating from larger-scale disturbances in the outer layer
(i.e., z∕hj >> 1) impacting the katabatic flow regime locally.

3.2. Closure Models
Even when Δ𝜃(z) is known, equation (6) remains unclosed necessitating another relation between U and
u′w′. Here a first-order closure is adopted and is given as u′w′ = −Kt𝜕U∕𝜕z, where Kt = l2

m |𝜕U∕𝜕z| and lm

is an effective mixing length specified as 𝜅(z − d)∕𝜙m(𝜉) for z∕hc > 1 and 𝜅(hc − d)∕𝜙m(𝜉c) for z∕hc < 1,
where 𝜙m(𝜉) = 1 + 5𝜉, 𝜉 = (z − d)∕Lmo, and 𝜉c = (hc − d)∕Lmo, Lmo is the measured Obukhov length defined
above the jet region, 𝜅 = 0.4 is the von Kármán constant, and d is the zero-plane displacement height of the
vegetation determined from the centroid of the drag force acting on the flow and is given as

d =
∫ hc

0 zCdaU(z)2dz

∫ hc
0 CdaU(z)2dz

. (7)

With these closure assumptions, and upon specifying Δ𝜃(z) (from measurements), the mean longitudinal
momentum balance can be solved for u′w′ and U provided 𝜕P(0, x)∕𝜕x is known (or ignored) and bound-
ary conditions are specified. The boundary conditions imposed are U(0) = 0 (no-slip at the ground), and
U(zmax) = Uo = U5, where z5 > hj is a reference height and Uo is taken as a reference velocity (specified from
measurements, U5) above the jet reflecting outer layer conditions. Additionally, the canopy is assumed to be
characterized by a dimensionless foliage drag, Cd = 0.2, and typical LAI = 1.5 m2/m2 [Katul et al., 2004].

3.3. Scaling Analysis
Even for the idealized setup considered here, difficulties in analyzing drainage flows on steep slopes covered
with vegetation remain. These difficulties originate from a multiplicity of length scales impacting the mean
momentum balance. The pertinent length scales include Lx = Hs(tan(𝛼))−1 that typically governs horizontal
gradients, the thickness of the katabatic flow region, hj , that impacts vertical gradients above the canopy
but within the jet, the adjustment length scale, Lc = hc(CdLAI)−1, the canopy height, hc, affecting the flow
within the canopy, and the Obukhov length, Lmo, dictating the eddy sizes responsible for vertical mixing of
momentum. The relative importance of the thermal wind to the hydrostatic pressure term is given as

cos(𝛼)
sin(𝛼)

𝜕 ∫ hj
0 Δ𝜃(z)dz

𝜕x

Δ𝜃(z)
∼ cos(𝛼)

sin(𝛼)
hj

Lx
. (8)

For the steep slopes here, hj is of order 10 m (as shown later), while Lx is of order 1000 m. Hence, the
thermal wind term may be ignored relative to the hydrostatic term. Moreover, the local distortion time
scale of the mean flow by advective terms are on the order of Lx∕U while vertical gradients of the mean
flow within the katabatic region equilibrate with the stresses on time scales of hj∕u∗, where u∗ is the fric-
tion velocity above the canopy but within the katabatic flow region. Hence, provided (hj∕Lx)(U∕u∗) << 1,
the advective terms impact the mean velocity profile at time scales much longer than the shear gradients,
and the two terms are prohibited from interacting locally. In general, U∕u∗ can be of order 10, but hj∕Lx is
of order 1 × 10−3. In the event that (hj∕Lx)(U∕u∗) is of order unity, advective terms cannot be ignored and
the problem can no longer be treated as one-dimensional. It has been known for sometime that a drainage
flow immediately above the surface is influenced by the local slope on the smallest scales, while the flow at
the higher levels in the atmosphere may be influenced by terrain slopes on a larger scale. Larger-scale dis-
turbances may originate from variations in outer layer mean wind direction, thereby sensing slope angles
different from 𝛼 during the course of an averaging period. These large-scale variations in slope angles are
occurring over distances much larger than hj and impact the outer layer flow field far above the katabatic
flow region. Under those conditions, and as is common in studies of flow over hills, a scaling analysis for the
outer layer well above the katabatic flow region suggests that

− 1
𝜌o

𝜕P(0, x)
𝜕x

= Uo

𝜕Uo

𝜕x
+

𝜕Uo

𝜕t
∼ Cp

U2
o

R
, (9)

where Cp is a pressure coefficient, Uo is, as before, the typical outer layer velocity [Belcher and Wood, 1996],
and R is an effective curvature (positive or negative) reflecting slope changes along Lx sensed by the
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larger-scale wind [Haiden and Whiteman, 2005]. For a uniform slope, R → ∞, and the usual assumptions
invoked in earlier studies are recovered. With these simplifications,

0 =
g
𝜃o

sin(𝛼)Δ𝜃(z) ∓ Cp

U2
o

R
+ 𝜕

𝜕z

(
l2
m

||||𝜕U
𝜕z

|||| 𝜕U
𝜕z

)
− Cda(z)|U|U. (10)

Hence, larger-scale variations in wind direction lead to different slope angles being sensed in the outer layer
well above hj that then produces a 𝜕P(x)∕𝜕x that integrates these variations at a point. To first order, it may
be assumed that R ∼ Lx . In the data analysis here, conditions where the stability regime near the top of hj

is strong (and hence susceptible to such larger-scale disturbances) or weak (and bulk flow is near neutral
above the jet with a preset direction) are both explored. It is common practice to replace the canopy vertical
structure with a momentum roughness height (zo) while ensuring that u′w′(zo) = u′w′(hc). Here hc was
retained (via the drag force) thereby allowing the role of hc in modifying aspects of the jet shape such as the
location of the maximum mean velocity (z = zp) to be assessed. To illustrate, consider a linear temperature
profile given as Δ𝜃(z) = Δ𝜃max(1 − z∕hj) when hc∕hj < 1 and Δ𝜃(z) = 0 when z > hj . For hc < z < hj , where
the location of the maximum jet velocity is anticipated, equation (10) can be integrated to yield

u′w′(z) = u′w′(hc) + (AD ∓ BP)(z − hc) + AD

h2
c − z2

2hj
, (11)

where AD = (g∕𝜃o) sin(𝛼)Δ𝜃max and BP = CpU2
o∕R are constants independent of z. The maximum jet velocity

Umax occurs at a z = zp where 𝜕U∕𝜕z = 0. From the closure equation (u′w′ = −Kt𝜕U∕𝜕z), it follows that zp

is colocated with the height at which u′w′(z) = 0. Using this condition and solving for zp from equation (11)
results in

zp

hj
=
⎡⎢⎢⎣1 ∓

Bp

AD
−

√(
−

hc

hj
+ 1 ∓

Bp

AD

)2

+ 2
u′w′(hc)

ADhj

⎤⎥⎥⎦ , (12)

which now makes explicit the role of hc∕hj . A finite hc displaces the vertical location of the jet peak velocity
downward compared to the case when hc = 0. Likewise, when Bp is negative and increasing in magnitude,
zp decreases. Also, for negligible Bp and small AD associated with a small Δ𝜃max, zp increases with declining
Δ𝜃max. For illustration, consider the case with Bp = 0, hj = 6 m, hc = 0.3 m, Δ𝜃max∕𝜃o = 0.01, 𝛼 = 35.5◦, and
u′w′(hc) = −0.05 m2 s−2. Using equation (12), zp∕hj ≈ 0.2 resulting in zp∕hc ≈ 4 (i.e., of order unity). It is for
this reason that the vertical structure of the canopy cannot be entirely ignored for katabatic flows on steep
slopes covered even by short vegetation.

4. Results and Discussion

Figure 2 shows the comparison between modeled and measured mean velocity and vertical momentum
flux profiles for varying pressure coefficient (Cp = 0, 5, 10), along with the measured mean air temperature
profile used to force the buoyancy term for the night of 15 September. The model with optimal Cp captures
the shape of the katabatic jet and its peak velocity near the vegetation top. In addition, it reproduces the
large gradients observed in the vertical momentum flux and the sign change that occurs in the vicinity of
the jet peak. The largest disagreement between the model and measurements for u′w′ occurs at the low-
est measurement location, where measured flux attenuation determined from cospectral analysis was also
observed. This underestimation in the measured flux magnitudes explains some of the difference, but bias
in the modeled results could also exist due to uncertainties in the canopy height or temperature measure-
ments. However, the general agreement infers that even in the absence of a constant flux surface layer, the
use of Monin-Obukhov similarity theory to set the stability adjusted mixing length in a K-theory closure
model can produce reasonable (first-order) estimations for u′w′. Assuming sufficient vertical grid resolution
to resolve the extremely thin jet layer, the use of K-theory may be valid for vertical momentum transport
if the advection time scale is much longer than the equilibration time scale of turbulence. From a scaling
analysis perspective, the advection time ∼Lx∕Uo and the equilibration time with the mean velocity gra-
dient is on the order of the turbulent kinetic energy normalized by its dissipation rate (∼lm∕𝜎w). Hence,
when Lx∕lm >> Uo∕𝜎w , K-theory closure may be used. For the setup here, Lx∕lm ∼ 100, while Uo∕𝜎w ∼ 10
perhaps suggesting the use of K-theory to close one of the terms in the mean momentum balance is jus-
tifiable. The momentum flux profile within the canopy region differs from the expected monotonic profile
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Figure 2. Comparison between measured (symbols with error bars) and modeled (lines) U(z) and u′w′(z) averaged over
1 h for the night of 15 September. Horizontal error bars indicate one standard deviation derived from 5 min averages
around the hourly mean. Dashed horizontal lines at z∕hc = 1 show the canopy height. Arrows indicate direction of
increasing Cp (= 0, 5,10). For reference the measured Δ𝜃(z) used to drive the model is shown.

for near-neutral conditions over flat terrain [e.g., Yi, 2008; Finnigan, 2000]. Near the ground, U ≈ 0 so the
drag force (scales as U2) is small and 𝜕∕𝜕z(u′w′) must balance (g∕𝜃o) sin(𝛼)Δ𝜃 resulting in a negative devi-
ation in u′w′ from zero. Additionally, a nonzero 𝜕P∕𝜕x amplifies this effect. The derivation here also makes
clear that Cp is only significant when larger-scale variations introduce large variability in wind direction.
Figure 3 suggests that the optimal Cp derived by minimizing the root-mean-squared error between mea-
sured and modeled U(z) is largest for small Uo and that small Uo are, in fact (observed also by Davies and
Thomson [1999], Turnipseed et al. [2003]), associated with the largest variance in wind direction (thereby
sampling multiple slope angles). This trend is observed at all measurement heights (see Figure S1 in the
supporting information), which implies that larger-scale pressure perturbations can penetrate down to the
surface and that flow decoupling through the katabatic layer does not occur (unlike the case of a dense
and tall forested canopy). For large Uo or small variations in wind direction at hj , the optimal Cp ≈ 0 and
this term can be ignored for a conventional katabatic jet along a homogeneous slope. However, if the wind
direction fluctuations are large, presumably due to larger disturbances originating from the outer layer,
then Cp ≈ 20. Note that following the optimization of the Cp value, the root-mean-squared error between
measured and modeled U(z) becomes independent of Uo (i.e., the flow conditions above the katabatic jet).

Figure 3. The variation of computed optimal Cp as inferred by minimizing the root-mean-squared error (RMSE) between
measured and modeled U(z) for each 1 h run across nine nighttime runs in September (differentiated by symbols) for
measured Uo. Note the increasing Cp with decreasing Uo . Finally, the relation between the measured Uo and 𝜎WD,o

is
shown for all 5 min segments.

OLDROYD ET AL. ©2014. American Geophysical Union. All Rights Reserved. 4766



Geophysical Research Letters 10.1002/2014GL060313

Even in the cases when Cp ≈ 20, this term contributes to no more than 20% of the mean momentum bal-
ance. Therefore, the outer pressure term can be significant, but as expected, the momentum budget is
mainly a balance between buoyancy and frictional mechanisms. Naturally, Cp may also encode other pro-
cesses such as local advection and subsidence that need not be independent of z. However, lower values
of Cp are associated with low root-mean-squared error and higher values of Uo, when advective effects are
more likely to have importance. Hence, advection likely plays a small role in the momentum budget here,
and its omission is a reasonable assumption (see also supporting information). In contrast, Horst and Doran
[1986] show results for a site where vegetation and topography are highly variable in space, and advection
cannot be neglected a priori, likely because of these nonuniformities along the slope. Figure 3 makes clear
that deviations between modeled and measured U(z) can be partially corrected via a Cp that is significantly
linked to variability in wind direction. This link is further established by Figure S2 in the supporting informa-
tion that shows the correlations between U and mean wind direction, which is characterized by a Gaussian
distribution (Figure S3).

5. Conclusions

A one-dimensional mean momentum balance formulation is developed for describing the katabatic jet on
steep slopes covered with vegetation. The main novelty is inclusion of the effects of the short vegetation
and the weak larger-scale pressure perturbations that cause large fluctuations in wind direction. The model
explicitly reveals how these two additions impact the location of the peak velocity within the katabatic jet.
Because of its simplified structure, the approach proposed here can be used to complement classical wall
functions used to bridge the land surface with atmospheric flows in large-scale numerical models of moun-
tainous terrain. It can also aid in field experiment designs aimed at resolving the structure of turbulence
within the katabatic jet. This latter topic is now receiving broad experimental attention as approaches to
quantifying CO2 drainage at night are becoming a central research focus to correcting eddy covariance
based flux measurements aimed at estimating carbon balances over complex topography.
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